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DIFFERENCE NORMS FOR VECTOR-VALUED BESSEL POTENTIAL 
SPACES WITH AN APPLICATION TO POINTWISE MULTIPLIERS 


NICK LINDEMULDER 


Abstract. In this paper we prove a randomized difference norm characterization for Bessel 
potential spaces with values in UMD Banach spaces. The main ingredients are "R-boundedness 
results for Fourier multiplier operators, which are of independent interest. As an appli¬ 
cation we chai'acterize the pointwise multiplier property of the indicator function of the 
half-space on these spaces. All results are proved in the setting of weighted spaces. 


1. Introduction 

Vector-valued Sobolev and Bessel potential spaces are important in the L^-approach to 
abstract evolution and integral equations, both in the deterministic setting (cf. e.g. [1, 44, 
64]) and in the stochastic setting (cf. e.g. [10, 40, 41]). Here a central role is played by 
the Banach spaces that have the so-called UMD property (unconditionality of martingale 
differences); see Section 2.1 and the remarks below. The class of Banach spaces that have 
UMD includes all Hilbert spaces, L^-spaces with p 6 (l,oo) and the reflexive Sobolev 
spaces, Triebel-Lizorkin spaces, Besov spaces and Orlicz spaces. 

Let A be a Banach space, s e Rand p e (l,oo). The Bessel potential space//^(R'^; A) is 
dehned in the usual Fourier analytic way via the Bessel potential operator Sfs - {I - A)^^^ 
based on the Lebesgue-Bochner space L'’(R'^;A); see Section 2.3. If X has UMD and 
k 6 N, then we have //^(R'^; X) - VT*^(R“'; X), where VT^(R'^; X) denotes the k-th order X- 
valued Sobolev space on R'^ with integrability parameter p; see [22], which also contains 
some converse results in this direction. Furthermore, if X has UMD and s - k + 6 with 
k 6 N and 0 e [0,1), then //^(R'^; X) can be realized as the complex interpolation space 

H^p(R‘‘-,X) = [W^(R"';A),lT^+'(R'^;A)]e. 

In the scalar-valued case A = C, Strichartz [56] characterized the Bessel potential space 
//^(R"') = with s e (0,1) and p e (l,oo), by means of differences. The 

characterization says that, for every / £ L'’(R'^; C), there is the equivalence of extended 
norms 

II ^ dt 1/2|! 

(1) ll/ll/r*(R-';C) ~ ll/llz."(R'';C) + ( I f I ||A/,/||c 

" Jo Jb( 0,0 f IIL'(K) 

where A;,/ = /(• +h)-f for each h 6 R'^. This extends to Hilbert spaces [61, Section 6.1]. 
In fact, given a Banach space X, the A-valued version of (1) is valid if and only if X is 
isomorphic to a Hilbert space. Indeed, the A-valued version of the right-hand side of (1) 
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defines an extended norm on L^(R^;X) which characterizes the Triebel-Lizorkin space 
[53, Section 2.3]. But the identity 

p,z 

(2) X) = X), 

i.e. the classical Littlewood-Paley decomposition for Bessel potential spaces, holds true if 
and only if X is isomorphic to a Hilbert space [17, 51]. However, if X is a Banach space 
with UMD, then one can replace (2) with a randomized Littlewood-Paley decomposition 
[39] (see (13)), an idea which for the case s = 0 originally goes back to Bourgain [5] 
and McConnell [33]. In [39] this was used to investigate the pointwise multiplier property 
of the indicator function of the half-space on UMD-valued Bessel potential spaces. The 
randomized Littlewood-Paley decomposition will also play a crucial role in this paper to 
obtain a randomized difference norm characterization for UMD-valued Bessel potential 
spaces; see Theorem 1.1. 

Since the early 1980’s, randomization and martingale techniques have played a funda¬ 
mental role in Banach space-valued analysis (cf. e.g. [7, 8, 9, 22, 23, 20, 27, 28, 49, 42]). 
In particular, in Banach space-valued harmonic analysis and Banach space-valued stochas¬ 
tic analysis, a central role is played by the UMD spaces. Indeed, many classical Hilbert 
space-valued results from both areas have been extended to the UMD-valued case, and 
many of these extensions in fact characterize the UMD property. In vector-valued har¬ 
monic analysis, (one of) the first major breakthrough(s) is the deep result due to Bourgain 

[3] and Burkholder [6] that a Banach space X has UMD if and only if it is of class FIT, 
i.e. the Hilbert transform has a bounded extension to L^(R; X) for some/all p e (1, oo). As 
another major breakthrough we would like to mention the work of Weis [62] on operator¬ 
valued Fourier multipliers on UMD-valued L^’-spaces (p e (1, oo)) with an application to 
the maximal L'’-regularity problem for abstract parabolic evolution equations. A central 
notion in this work is the 'R-boundedness of a set of bounded linear operators on a Banach 
space, which is a randomized boundedness condition stronger than uniform boundedness; 
see Section 2.1. In Hilbert spaces it coincides with uniform boundedness and in L^-spaces 
(p e [l,oo)), or more generally in Banach function spaces with finite cotype, it coin¬ 
cides with so-called ^^-boundedness. It follows from the work of Rubio de Francia (see 
[46, 47, 48] and [13]) that -boundedness in L^(R'^) (p e (l,oo)) is closely related to 
weighted norm inequalities; also see [11]. 

Randomization techniques also play an important role in this paper. As already men¬ 
tioned above, we work with a randomized substitute of (2). This approach naturally leads 
to the problem of determining the 'R-boundedness of a sequence of Fourier multiplier oper¬ 
ators. The latter forms a substantial part of this paper, which is also of independent interest; 
see Section 3. 

The results in this paper are proved in the setting of weighted spaces, which includes 
the unweighted case. We consider weights from the so-called Muckenhoupt class Ap. This 
is a class of weights for which many harmonic analytic tools from the unweighted setting 
remain valid; see Section 2.2. An important example of an Ap-weight is the power weight 
Wy, given by 

(3) Wy{xux')^\xy\\ (xi,x')eR‘' = RxR‘'-', 

for the parameter y e {-\,p - Y). In the maximal -regularity approach to parabolic 
evolution equations these power weights yield flexibility in the optimal regularity of the 
initial data (cf. e.g. [34, 35, 38, 45]). 

The following theorem is our main result. Before we can state it, we first need to explain 
some notation. We denote by (fijJyeN a Rademacher sequence on some probability space 
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(O, P), i.e. a sequence of independent symmetric {-1, l)-valued random variables on 

(f2, T, P). For a natural number m > 1 and a function / on with values in some vector 
space X, we write 

m /X 

+ ("* - xeR'^,he R''. 

j=o 


Theorem 1.1. Let X be a UMD Banach space, s > 0, p e (1, oo), w e A^(R'^) and m e N, 
m> s. Suppose that 

lY in the unweighted case w = 1; or 
• K e eS(R^) is such that K(y)dy ^ 0 in the general weighted case. 


For all f 6 L^(R^, w; X) we then have the equivalence of extended norms 

j 


(4) II/IIh>(r^.w;X) - \\f\\D’(RL^-,x) + sup II V r Kih)A’^_,Jdh\\ 

yeN"^ Jr‘1 " 


LP(n;LP(R‘i ,w;X)) 


Remark 1.2. If / e Hp(R‘*, w; X), then the finiteness of the supremum on the RHS of (4) ac¬ 
tually implies the convergence of the sum TjJ=i K(h)A'^_j^f dh in L^(R"', w; X)). 

Moreover, (4) then takes the form 


IIh;KIR'',h';X) ~ II/IIl''(R‘',w;X) 


OO ^ 


K(h)A. 


^-.Jdh\ 


D’in-.D’iRLwiX)) 


This follows from the convergence result [30, Theorem 9.29] together with the fact that 
L^(R'^, w; X) (as a UMD space) does not contain a copy cq. 


Remark 1.3. We will in fact prove a slightly more general difference norm characteri¬ 
zation for Hp(R‘^,w,X), namely Theorem 4.1, where we consider kernels K satisfying 
certain integrability conditions plus an R-boundedness condition. Here the R-boundedness 
condition is only needed for the inequality ’>’. In the case m - 1 it corresponds to the R- 
boundedness of the convolution operators [f ^ Kt * f \ t - 2-’, j > 1} in S(L^(R"', w; 3f)), 
where Kt - t^K(t ■). For more information we refer to Section 4.2. 


To the best of our knowledge. Theorem 1.1 is the first difference norm characterization 
for (non-Hilbertian) Banach space-valued Bessel potential spaces available in the literature. 
In the special case when X is a UMD Banach function space, the norm equivalence from 
this theorem takes (with possibly different implicit constants), by the Khinthchine-Maurey 
theorem, the square function form 

II/IIh,;(rV;X) - ll/lb(RV;X) + ||( g | f K{h)A'^_,Jdh 

see Section 4.4. In the unweighted scalar-valued case X = C, this a discrete version for 
the case ^ = 2 of the characterization [59, Theorem 2.6.3] of the Triebel-Lizorkin space 
by weighted means of differences (recall (2)). Furthermore, in the unweighted 
scalar-valued case X - C, one can also think of it as a discrete analogue of Strichartz’s 
characterization (1). 

As an application of Theorem 1.1, we characterize the boundedness of the indicator 
function Ij^^ of the half-space R'J = R+ xR"'^^ as a pointwise multiplier on //^(R'^, w; X) in 
terms of a continuous inclusion of the corresponding scalar-valued Bessel potential space 
//^(R"', w) into a certain weighted L^’-space; see Theorem 1.4. The importance of the point- 
wise multiplier property of Ij^rf lies in the fact that it served as one of the main ingredients 
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of Seeley’s result [54] on the characterization of complex interpolation spaces of Sobolev 
spaces with boundary conditions. As an application of an extension of Seeley’s character¬ 
ization to the weighted vector-valued case one could, for example, characterize the frac¬ 
tional power domains of the time derivative with zero initial conditions on L^(Rf, Wy; X). 

Theorem 1.4. Let X + {0} be a UMD space, s e (0, 1), p e (1, oo) and w e Ap(R'^). Let 
Ws,p be the weight on - RxR'^^' given by Ws,p(xi, x') := \xi\~^Pw{xi,x’) if\xi\ < 1 and 
Ws,p(xi,x') := w(xi,x') if\xi\ > 1. Then Ij^j is a pointwise multiplier on //*(R“', w; X) if 
and only if there is the inclusion 

(5) LPi^^Ws^p). 


In Section 5.2 we will take a closer look at the inclusion (5). Based on embedding results 
from [37], we will give explicit conditions (in terms of the weight and the parameters) for 
which this inclusion holds true. The important class of power weights (3) is considered in 
Example 5.5. 

In the situation of the above theorem, let Ws,p be the weight on R x R'^ ' defined by 
Ws^p{x\,x') |xir*^w(xi, x'). Note that, in view of the inclusion //*(R"', w) L^iW^, w), 
the inclusion (5) is equivalent to the inclusion 

//;(R^w) LP{^\w,,p). 


In the unweighted scalar-valued case, the above theorem thus corresponds to a result of 
Triebel [58, Section 2.8.6] with q-2, which states that the multiplier property for ^(R'^) 
(recall (2)) is equivalent to the inequality 

Ik ^ |xil7(x)lb(R^) < II/IIf^„(r^), / e 

Similarly to Strichartz [56], who used (1) to prove that acts a pointwise multiplier on 
//^(R"') in the parameter range 

11 11 , 

-< s < —, where —i-= 1, 

p' p p p' 

Triebel used a difference norm characterization in his proof. Our proof is closely related to 
the proof of Triebel [58, Section 2.8.6]. 

An alternative approach to pointwise multiplication is via the paraproduct technique 
(cf. e.g. the monograph of Runst and Sickel [52] for the unweighted scalar-valued set¬ 
ting). Based on a randomized Littlewood-Paley decomposition, Meyries and Veraar [39] 
followed such an approach to extend the classical result of Shamir [55] and Strichartz [56] 
to the weighted vector-valued case. They in fact proved a more general pointwise multi¬ 
plication result for the important class of power weights Wy (3), y e (-l,p - 1), in the 
UMD setting, from which the case of the characteristic function can be derived. Their 
main result [39, Theorem 1.1] says that, given a UMD Banach space X, p e (1, oo) and 
y e (-l,p - 1), Irj is a pointwise multiplier on//*(R'^,Wy; A) in the parameter range 


1 


■y 


< s < 


where —i-= 1, y 

P P' 


7 


P' ^ E ’ P P' ’ ' E- 1 

For positive smoothness ^ > 0 this pointwise multiplication result is contained in Exam¬ 
ple 5.5, from which the case of negative smoothness ^ < 0 can be derived via duality. 


^This result is originally due to Shamir [55]. However, Strichartz [56] in fact obtained this result as a corollary 
to a more general pointwise multiplication result (in combination with a Fubini type theorem for Bessel potential 
spaces). 
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The paper is organized as follows. Section 2 is devoted to the necessary prelimi¬ 
naries. In Section 3 we treat ‘??-boundedness results for Fourier multiplier operators on 
w; X). The results from this section form (together with a randomized Littlewood- 
Paley decomposition) the main tools for this paper, but are also of independent interest. 
In Section 4 we state and prove the main result of this paper, Theorem 4.1, from which 
Theorem 1.1 can be obtained as a consequence. Finally, in Section 5 we use difference 
norms to prove the pointwise multiplier Theorem 1.4, and we also take a closer look at the 
inclusion (5) from this theorem. 

Notations and conventions. All vector spaces are over the field of complex scalars C. 
|A| denotes the Lebesgue measure of Borel set A c R'^. Given a measure space (X, ,ij), 

for A e with yu(A) e (0, oo) we write 

For a function / ; R"' —> X, with X some vector space, we write /(x) - f(-x) and, unless 
otherwise stated, fi(x) - t^f{tx) for every x e R"' and f > 0. Given a Banach space X, 
we denote by L®(R'^; X) the space of equivalence classes of Lebesgue strongly measurable 
A-valued functions on R'^. For x e R"' and r > 0 we write Q[x, r] = x -F [-r, rY for the 
cube centered at x with side length 2r. 


2. Prerequisites 


2.1. UMD Spaces and Randomization. The general references for this subsection are 
[22, 23,28]. 

A Banach space X is called a UMD space if for any probability space (Q, T, P) and 
p e (1,°°) it holds true that martingale differences are unconditional in LP{Q.-,X) (see 
[7, 49] for a survey on the subject). It is a deep result due to Bourgain and Burkholder that 
a Banach space X has UMD if and only if it is of class 'HT, i.e. the Hilbert transform has a 
bounded extension to Lt'(]R; x) for any/some p e (1, oo). Examples of Banach spaces with 
the UMD property include all Hilbert spaces and all L^-spaces with q e (1, oo). 

Throughout this paper, we fix a Rademacher sequence {sj]jez. on some probability space 
(G, P), i.e. a sequence of independent symmetric (-1, Ij-valued random variables on 

(G, 'F, P). If necessary, we denote by (e'a second Rademacher sequence on some 
probability space (Qf, F', P') which is independent of the first. 

Let A be a Banach function space with finite cotype and let p e [ 1, oo).^ The Khinthchine- 
Maurey theorem says that, for all xo,..., x„ e A, 


( 6 ) 


KEw’-)'" 


/ ^iXiW 

7=0 


In the special case E - U{S) {q & [I, oo)) this easily follows from a combination of Fubini 
and the Kahane-Khintchine inequality. Morally, (6) means that square function estimates 
are equivalent to estimates for Rademacher sums. 

The classical Littlewood-Paley inequality gives a two-sided estimate for the L^’-norm 
of a scalar-valued function by the L^-norm of the square function corresponding to its 
dyadic spectral decomposition. This classical inequality has a UMD Banach space-valued 
version, due to Bourgain [5] and McConnell [33], in which the square function is replaced 


Banach space X has cotype q € [2, oo] if (Z"=o ^ II 2"=o UFilL^(nx) all a:o, ..., a:„ € X. We 

say that X has finite cotype if it has cotype q € [2, oo). The cotype of LP is the maximum of 2 and p. Every UMD 
space has finite cotype. 
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by a Rademacher sum (as in (6); see the survey paper [20]). One of the main ingredients 
of this paper is a similar inequality for Bessel potential spaces, namely the randomized 
Littlewood-Paley decomposition (13). 

Let X be a Banach space and p e [1, oo]. As a special case of the (Kahane) contraction 
principle, for all xq, ..., eX and ao,...,a„ e C it holds that 


(7) 


I ^ a iS iX 
7=0 




■I1E‘ 

7=0 


IZ7'(n;X) 


A family of operators T' c S{X) on a Banach space X is called 'R-bounded if there 
exists a constant C > 0 such that for all Tq, ... ,Tff e and xq,. . .,xn e A it holds that 


( 8 ) 


N N 

7=0 7=0 


The moments of order 2 above may be replaced by moments of any order p. The result¬ 
ing least admissible constant is denoted by RpiT). In the definition of "R-boundedness it 
actually suffices to check (8) for distinct operators Tq, .. .,7^ & T. 

A Banach space X is said to have Pisier’s contraction property or property (a) if the 
contraction principle holds true for double Rademacher sums (for some extra fixed mul¬ 
tiplicative constant); see [28, Definition 4.9] for the precise definition. Every space 
with p e [1, oo) enjoys property (a). Further examples are UMD Banach function spaces. 
However, the Schatten von Neumann class enjoys property (a) if and only if p = 2. 

A Banach space X is said to have the triangular contraction property or property (A) if 
there exists a constant C > 0 such that for all (x,j]"j^q c X 


W X—i 7 ’•'|lL2(nxn';X) II 4—1 7 ’•'|lL2(Qxn';X) 

0< j<i<n ij=0 

see [26]. The moments of order 2 above may be replaced by moments of any order p. The 
resulting least admissible constant is denoted by Ap x. Every space with Pisier’s contraction 
property trivially has the triangular contraction property. For vector-valued L^’-spaces we 
have Ap^uns;X) = ^p,x- Furthermore, every UMD space has the triangular contraction 
property. 

Let A be a Banach space. The space Rad(A) is the linear space consisting of all se¬ 
quences {xj}j c A for which defines a convergent series in L^(Q; A). It becomes 

a Banach space under the norm ||(xy}j||Rad(X) II lijeN SjXj\\LHn;xy-, see [23, 25, 28]. 


2.2. Muckenhoupt Weights. In this subsection the general reference is [16]. 

A weight is a positive measurable function on that takes it values almost everywhere 
in (0, oo). Let w be a weight on R'^. We write w(A) - w(x) dx when A is Borel mea¬ 
surable set in R"'. Furthermore, given a Banach space A and p e [1, oo), we define the 
weighted Lebesgue-Bochner space L^(R'^, w; A) as the Banach space of all / e L®(R"'; A) 
for which 


II/IIl''(R‘' ,w;X) 


{fj w{x)dx^ 


< CO. 


For p e [l,oo] we denote by Ap - Ap(R'^) the class of all Muckenhaupt A^-weights, 
which are all the locally integrable weights for which the A^-characteristic [w]aj, e [1, o°] 
is finite; see [16, Chapter 9] for more details. Let us recall the following facts: 


• Aoo = Upe(i,oo) Ap, which often also taken as definition; 



DIFFERENCE NORMS FOR VECTOR-VALUED BESSEL POTENTIAL SPACES 


7 


, _i_ 

• For p e (1, oo) and a weight w on R : w e if and only if w e Ap', where 



• For a weight w on R^ and /I > 0: [w(A • )]Ap - [w]a/, 

• For e [1, oo) and w G A«,(R''): >S(R"') 4 LP(R‘‘, w); 

• The Hardy-Littlewood maximal operator M is bounded on L'’(R"', w) if (and only 
if) w e Ap. 

An example of an Aco-weight is the power weight Wy (3) for y > -1. Given p e (1, oo), 
we have Wy e Ap if and only if y e (-l,p - 1). Also see (48) for a slight variation. 

A function / ; R'^ —> R is called radially decreasing if it is of the form f(x) - .g(|x|) for 
some decreasing function g : R —> R. We define (R'^) as the space of all k e L^(R"') 
having a radially decreasing integrable majorant, i.e., all k e L'(R'^) for which there exists 
a radially decreasing ij/ G L^(R"')^ with \k\ < ij/. Equipped with the norm 

PlIjrtR") := inf {|I</'IIl1(r-') : ^ e L^(R"')+ radially decreasing, |^| < i/r}, 

becomes a Banach space. Note that, given k G and f > 0, we have 

k, = t^k{t-) G with WktWjfTim = PlIjrtR")- 

Let X be a Banach space. For k G (R"') we have the pointwise estimate 

r \k{x - y)| ||/(y)||x dy < PI|jr(R^)M(||/||x)(x), / g lJ„,(R^; X), x g R''. 

Jr-^ 

As a consequence, if p G (l,oo) and w G Ap(W^), then k gives rise to a well-defined 
bounded convolution operator k* : f k* f on L^(R"', w; X), given by the formula 

k^f(x)^ f k(x-y)f(y)dy, x G R'', 

Jr'' 

for which we have the norm estimate \\k * |Is(L"(R‘',w;X)) ^p,d,w PlIjrtR'')- 

2.3. Function Spaces. As general reference to the theory of vector-valued distributions 
we mention [2] (and [1, Section III.4]). For vector-valued function spaces we refer to 
[22, 53] (unweighted setting) and [39] (weighted setting) and the references given therein. 

Let A be a Banach space. The space of A-valued tempered distributions .S'(R"'; A) 
is defined as <S'(R"';A) := X('S(R'^), A), the space of continuous linear operators from 
<S(R‘^) to A, equipped with the locally convex topology of bounded convergence. Standard 
operators (derivative operators, Fourier transform, convolution, etc.) on <S'(R'^; A) can be 
defined as in the scalar-case, cf. [1, Section III.4]. 

Let p G (l,oo) and w G Ap(R'^). Then w^~p' - w~~ G Ap', so that <S(R'^) 
LP'{R.‘^,w^-P’). By Holder’s inequality we find that L'’(R'',w;A) .S'(R"';A) in the 

natural way. For each s G R we can thus define the Bessel potential space //^(R"', w; A) 
as the space of all / G <S'(R"'; A) for which J'sf G L'’(R"', w; A), equipped with the norm 
\\f\\H;,(K‘‘,w,x) IIJ's/IIl/'(r-',m.;X); here e £(S'(R‘^-,X)) is the Bessel potential operator 

given by 

Jsf := ^^'[(1 + I • f G S'iR^-X). 

Furthermore, for each n G N we can define the Sobolev space Wp{R‘^, w; A) as the space 
of all / G .S'(R‘^; A) for which 5“/ G L^(R'^, w; A) for every \a\ < n, equipped with the 
norm ||/||w.«(R</,w;X) — 2 h<« II5“/IIl"(r-',h.;X)- Note that//“(R"', w;A) = L'’(R'',w;A) = 
W^(R'^, w; A). If A is a UMD space, then we have //^(R'^, w; A) = 1T^(R'^, w; A). In the 
reverse direction we have that if //^(R; A) = 1T^(R; A), then A is a UMD space (see [22]). 
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For 0 < A < B < oo we define as the set of all sequences ip — {ipn)neK c 

<S(R‘^; X) which can be constructed in the following way: given e >S(R"') with 

0 < ^ < 1, if 1^1 < A, (piO = 0 if 1^1 > B, 

{iPn)n>\ is determined by 

(pn = •) = nil-’'-)- •), n > 1- 


Observe that 

(9) supp^o c : 1^1 < B] and suppi^„ c {f : 2’'-^A < \^\ < l^B), n > 1. 

We furthermore put <1)(R‘') Uo<a<b<cx, 

Let ip - iipn)nen £ <F(R'^). We define the operators {5 „)„(=]n c X('S'(R“'; X), 
by 

Snf = ^-\0nh f e ^'(R'';2f), 

where ^m(R'^; X) stands for the space of all X-valued slowly increasing smooth functions 
on R'^. Given s e R, p e [1, o°), q £ [1, and w e Aoo(R“'), the Triebel-Lizorkin space 
Fp ^(R'^, w; X) is defined as the space of all / e >S'(R"'; X) for which 

II/IIf*.,(R'',w;X) •= ll(2™5„/)„(=]NllL''(R‘',w)[r'?(lN)](X) < 

Each choice of ^ e <1)(R"') leads to an equivalent extended norm on >S'(R"'; X). 

The //-spaces are related to the F-spaces as follows. In the scalar-valued case X - C, 
we have 


(10) //;(R^w) = pe(l,oo),weA^. 

In the unweighted vector-valued case, this identity is valid if and only if X is isomorphic 
to a Hilbert space. For general Banach spaces X we still have (see [36, Proposition 3.12]) 

(11) F^ i(R"',w;X)//;(R"',w;X)^^^^(R^w;^), p e (1, oo), w e A^(R"'), 
and 


(12) (*S(R'';X),|| ■ |Ie;^(rV;X)) L^iB^^w-X), p e [l,cx,),w e A<„. 

For UMD spaces X there is a suitable randomized substitute for (10): if p e (l,!^) and 
w e Ap, then (see [39, Proposition 3.2]) 

N 


(13) 


ll/IIW«';X)-sup||ye„2“5„/ 

A/clM 11 ^ 


/ 2=0 


L/’(a;L/’(R^,w;X))’ 


/ e S'(R^- X). 


Moreover, the implicit constants in (13) can be taken of the form C = Cx,p,d,s([w]Ap) for 
some increasing function Cx,p,d,s '■ [1, °°) —> (0, oo) only depending on X, p, d and s. 


2.4. Fourier Multipliers. Let X be a Banach space. We write Li(]R‘';l^) := ^-^L\B‘^-,X) c 
<S'(R'^;X). For a symbol m e L“(R'^) we define the operator T„j by 

Tm : £1(11"'; 1^) ^ £i(R"';X), / 

Given p e [l.i^) and w e Aoo(R'^), we call m a Fourier multiplier on U’iBl^,w,X) if 
Tm restricts to an operator on Li(R“';X) n Li’(R“', w; X) which is bounded with respect 
to the U’iW', w; X)-norm. In this case has a unique extension to a bounded linear 
operator on U’iB'^, w; X) due to the denseness of .S(R"'; X) in Li’(R"', w; X), which we still 
denote by T^- We denote by Mp^wiX) the set of all Fourier multipliers m e L“(R'^) on 
LP(B‘^,w,X). Equipped with the norm \\m\\M^^.(X) := W,w,x)), Mp^„{X) becomes 
a Banach algebra (under the natural pointwise operations) for which the natural inclusion 
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^ S(L^(R"', w; X) is an isometric Banach algebra homomorphism; see [28] for 
the unweighted setting. 

For each e N we define as the space of all m e C^(R"' \ {0}) for which 

= WmW^^CSji) := sup sup < oo. 

lalSlV fAO 

If X is a UMD Banach space, p e (1, oo) and w e Ap{W^), then we have .^rf+ 2 (R'^) 
Mp,„iX) with norm < Cx,p,d{[w]Ap), where Cx,p,d '■ [l,oo) —> (0, oo) is some increasing 
function only depending on X, d and p; see [39, Proposition 3.1]. 

3. ^-Boundedness oe Fourier Multipliers 

At several points in the proof of the randomized difference norm characterization from 
Theorem 1.1 we need the R-boundedness of a sequence of Fourier multiplier operators on 
L^(R'^, w; X). In this section we provide the necessary R-boundedness results. 

In many situations, the R-boundedness of a family of operators is proved under the 
assumption of property (a) (see e.g. [8, 14, 28, 60]). Concerning operator families on 
A) or L^(R'^; A), the necessity of property (a) for a number of conclusions of this 
kind is proved in [24]. For example, in the the setting of Fourier multipliers it holds true 
that every uniform set of Marcinkiewicz multipliers on R"' is R-bounded on L^(R‘^; A) if 
and only if A is a UMD space with property (a). In particular, given a UMD space A, in 
the one-dimensional case c/ = 1 one has that ^ Mp^,^{X) maps bounded sets to 

R-bounded sets if and only if A has property (a). Regarding the sufficiency of property (a) 
for the 'R-boundedness of Fourier multipliers, in the weighted setting we have; 

Proposition 3.1. Let X be a UMD space with property (a) and p e (1, oo). 

(i) For all weights w e Ap(R‘^), Alp,w(A) maps bounded sets to Li- 

bounded sets. 

(ii) Let w e A™(R'^), i.e. w is a locally integrable weight on R^* which is uniformly 
Ap in each of the coordinates separately; see [29]. Write Rf = [R \ [0]]'^. If 

c L“(R'') n C‘'(R^) satisfies 

Cj( sup sup sup 1^1 \D°‘m{f)\ < oo, 

a<l 

then ^ defines an K-bounded collection of Fourier multiplier operators — 
[Tm: Me .^] in B{LP{Rf w; A)) with <R{T^) <x,p 4 ,w C^. 

Proof (i) Let w e Ap. For each A e N we define IBiXf) as the space of all 

operator-valued symbols m e C^(R'^ \ (Oj; S(A)) for which 

'^{ \fi“^D“m{f) : ^ 0, |a| < A} < oo. 

If T is a UMD space, then d+ 2 f^‘^\ 2^(T)) Mp^w{Y) (as remarked before [39, Propo¬ 
sition 3.1]). Using this for Y - Rad(A), the desired result follows in the same spirit as in 
[14, Section 3] (also see [20, 28]). 

(ii) Put Ij [-2f -2L*) u (2-'“', 2-'] for each j e Z. For each k e (1,..., c/} it can be 
shown that (lRtx/jXR‘'-‘! 7 ez c Mp,„{X) and that the associated sequence of Fourier multi¬ 
plier operators (A^ [If Jygz defines an unconditional Schauder decomposition of LP{Rf, w; A); 
see e.g. [31, Chapter 4]. Since [Xiflfi}jei. and (A;[/y]}y(=z commute for k,l e (!,...,£/] 
and since A is assumed to have property (a), it follows (see [63, Remark 2.5.2]) that 
the product decomposition (nf=i Ai[/y]] is an unconditional Schauder decomposition of 
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,w,X). One can now proceed as in the unweighted case; see e.g. [28, Theo¬ 
rem 4.13&Example 5.2]. □ 


As we will see below, for general UMD spaces it is still possible to give criteria for 
the !R-boundedness of a sequence of Fourier multipliers. Before we go to the Fourier 
analytic setting, we start with a general proposition which serves as the main tool for the 
!R-boundedness of Fourier multipliers below. In order to state the proposition, we first need 
to introduce some notation. 

Fet T be a Banach space. For a sequence c S(Y) we write 


ll{T;};eNl|y^Rad(F) inf | C : || X^ ^ 


>=o 


and 


ll{Fjb'eNllRad(l')^F 


:=inf<^C 


>=o 


<C 


\Tj^jyj\ 

J =0 


L^{n;Y) 


,n e N,yo,. ■. ,y« e 



In the following remark we provide an interpretation of these quantities in terms of the 
space Rad(T), which gives a motivation for the chosen notation. 


Remark 3.2. Identifying (rjlygN with the linear operator T ; Y —> f’*^(N;A),y (Tjy)jeN, 
we have 


ll{7’j}||F^Rad(F) = l|{Ty}||s(F,Rad(F)) = l|T||s(FRad(F)), 

where || • ||s(FRad(F)) is, in the natural way, viewed as an extended norm on L(Y, 2f)), 
the space of linear operators from Y to ^(N; A). Similarly, identifying {Tj]pf; with the 
linear operator : coo(N; A) — > Y, (yj)jeN HyeiN Tjyj, we have 


ll{Fy}||Rad(FHF - l|{Tj!||s(Rad(F),F) - l|T‘||s(Rad(F),F), 


where || • ||s(Rad(F),F) is viewed, in the natural way, as an extended norm on L(coo(F), Y). 

Using that the natural map i : Rad(T*) —> Rad(T)* is a contraction (see [23]), we find 
that 


IKFjjllRadtiO-^F = l|T‘ll»(Rad(F),F) = ll(T0*ll8(F*,Rad(F)*) = IN’° ((Tp)'||s(FFRad(F)*) 

^ ll((F*})'||s(r,Rad(F*)) = l|{7’*]||F*^Rad(F*)- 

If A is /f-convex with /f-convexity constant Kx,^ then i is an isomorphism of Banach spaces 
with lir'il < Kx (see [23]), so that 

IKFjlllF^RadCF) = l|T||s(FRad(F)) = l|T*||s(Rad(F)*,F*) = l|{T*} o T* ||s(Rad(F)*,F*) 

^ ■^^xll(7’*]||s(Rad(F*),F*) = ■^fxl|{T*)||Rad(F*)-»F*- 

Proposition 3.3. Let Y be a Banach space and let {Uj]jef^ and (VylyeiN be two sequences 
of operators in S(T). 

(i) The following inequalities hold true: 

n 

(14) ^({Uj}) < l|{U 7 )llRad(F)-»F < ll(U j}||Rad(»(F)) < SUp SUp || V CjU J|, 


(15) 


R.{{Uj}) < ||(t/jj||F^Rad(F) < l|{Uy]||Rad(»(F)) < SUp SUp || V 

n ej=±\ 




^For the definition of ^-convexity we refer to [22, 32]. All UMD spaces are K-comex. 
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and 


(16) l|{t/jV'j};eNllRad(T)-^F < l|{t/7};£NllRad(»(F))^({V'j};eN)- 

(ii) Suppose that E has property (A). If 

C\ l|{t/j}7eNllRad(F)-»F < °° and C 2 l|{VylyewllF^RadCF) < 

then {Yj'j=o UkVk] is H-bounded with H-bound < AeCiC 2 - 

Proof. Except for (15), where we follow the estimates from the proof of [39, Lemma 4.1], 
the proposition follows easily by inspection of the proof of [26, Theorem 3.3]. Let us 
provide the details for the convenience of the reader. 

(i) The third inequality in (14) is trivial and the second inequality in (14) is just the 
inequality (16) with Vj - I for all j. Lor the first inequality in (14), let yo, ■ • ■ ,yn £ Y. Lor 
every (e/)jeiN £ {-1,1}”^* we have 


n n 

IIZ ^ ll{t^7};eNllRad(F)-^F II z 


1=0 


1=0 


lL2(n;y) 


because {e;)"^o {^l®l!j=o identically distributed. Plugging in ej = ej(cd) and taking 

L^-norms with respect to w e Q, the desired inequality follows. 

In (15) we only need to prove the first inequality; the other two inequalities are trivial. 
Lor this we use the fact [15, Lemma 3.12] that for any {yj^k}"jk=o ^ Y one has the inequality 


(17) 


IZ 

1=0 


sil'l.. 


L2(n;F) 


- II X 

14=0 


lL2(axa';F) 


Now let yo,... ,y„ e Y. Denote by [U f c T)) the sequence of operators pointwise 

induced by [t/j]. Using Lubini one easily sees that ||(f/y}||i 2 (n;y)^Rad(L 2 (n;F)) ^ ll{t/i!llF^Rad(F)- 
Invoking (17) with yj^t - Utyj, we thus find 


n 


1=0 


L.(n;F) ^ 

j,k=0 


L2(axa';F) 


k=0 


1=0 


E(n'-,E(n;Y)) 


< ll(t/l!llF^Rad(F)|| ^ Sjyj^ 
1=0 


LHn-,Y)) 


Lor (16) note that if yo, ■ ■ ■ 6 Y, then 


IIZ^4j.v4 


1=0 




1=0 1=0 


L^(n-,Y) 


n 

< ll(t/llllRad(»(F))^((V7}) ^ Sjyj 


1=0 


lL2(n;F) 
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(ii) Write St 2y=o UjVj for each A: e N. For all yo,... ,y„ e Y we have 


n n 




k=0 


which proves the required !R-bound. 


j=0 k=j 
n n 






i=() k=j 

n n 


L2(n;L2(n';y)) 


< A,c,||x;e;v,i; 

j =0 k=Q 

< ArCiCzl^ SkYk^ 

k=0 


SkYkl 


lL2(n;L2(n';F)) 


L2(n;;F) 


For later reference it will be convenient to record the following immediate corollary to 
the estimates (14) and (15) in (i) of the above proposition: 


Corollary 3.4. Let X be a Banach space, p e (1,0°) and w e Ap(R‘^). Let c 

Aip^w(X) be a sequence of symbols such that 


( 18 ) 



< oo. 


Then defines an "R-bounded sequence of Fourier multiplier operators on 

Y - LPfRf ,w,X) with R-bound 


'^({Tmj]) < l|{Fj}||Rad(yHF V ||{rj)||r^Rad(F) < l|{rj)||Rad(S(F)) ^ K. 

If A is a UMD space, p e (1, oo) and w e Ap(R'^), then we have ./#^+ 2 (]R‘^) M.p^w{X). 

So the number K from (18) can be explicitly bounded via the Mihlin condition defining 
.^j+ 2 (R‘^). In particular, for a bounded sequence in .^rf+ 2 (]R'^) which is locally finite in a 
uniform way we find: 

Corollary 3.5. Let X be a UMD space, p 6 (1, oo) and w e Ap(Rf). Let {mfjefi c L“(R'') 
be a sequence of symbols such that: 

(a) There exists e N such that every f e R'^ \ {0} possesses an open neighborhood 
U c R'^ \ {0} with the property that #{j : mjlu ^ 0] < N. 

(b) is a bounded sequence in 

Then {mfji^f^ defines an R-bounded sequence of Fourier multiplier operators {T’mjlygN on 
L^(R'^, w; X) with R-bound 

n 

R({Tmj]) < sup sup V ejmjW < CA-,;,,d([w]A„)A^sup \\m j\\^d+2^ 

n ej=±l " ^ 

where Cx,p,d ■ [C °o) —> (0, oo) is some increasing function only depending on X, p and d. 


An example for the ’uniform locally finiteness condition’ (a) from the above corollary 
is a kind of dyadic corona condition on the supports of the symbols: 

Example 3.6. Suppose that c L“(R‘^) satisfies the support condition 

(19) suppmo c {f : \f\ < c) and suppm^ c {f : < \f\ < c2-'}, j > 1, 
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for some c > 0 and J e Z>o. Then suppm^nsupp= 0 for all j,k e'K with \ j-k\ > J+l. 
In particular, condition (a) of Corollary 3.5 is satisfied with N = J. 

Example 3.7. Suppose that mo e and mi e \ {0}). Set my m{2~^ ■) 

for each j > 2. Then {mylyejN fulfills the conditions (a) and (b) of Corollary 3.5, where 
(a) follows from Example 3.6 and (b) from the dilation invariance of the Mihlin condition 
defining ./#j+ 2 (R'^)- In particular, given (p - {^ylyeiN e <E>(R"'), Corollary 3.5 can be ap¬ 
plied to the sequence of symbols {myjygiN = {i^ylyGN. whose associated sequence of Fourier 
multiplier operators is {^yjyeiN. 

Up to now we have only exploited Proposition 3.3(i) in order to get '??-boundedness 
of a sequence of Fourier multipliers. However, in many situations the condition (18) is 
too strong. It is for example not fulfilled by the sequence {my = m(2"^ • )}yeN, where 
m e C“(R"') is a given symbol which is non-zero in the origin; this follows from the fact 
that Alp,iv(2f) L“(R“'). The case that m is constant on a neighborhood of the origin can 
be handled by the following proposition (see Corollary 3.10), of which the main ingredient 
is Proposition 3.3(ii): 

Proposition 3.8. Let X be a UMD space, p e (l,oo) and w e Ap(R‘^). Let {mylygN c 
Mp^w(2C) be a sequence of Fourier multiplier symbols which satisfies the support condition 

(19) for some c > 0 and 7 e N. Write Tj — T„.for the Fourier multiplier operator on 
Y = L^(R'^, w; X) associated with mjfor each j efi. If 

(20) K IliTylllRadOT^F A ||{ry}||F^Rad(F) < 

then the collection of partial sums {T/j=o ^ 'R-bounded with R-bound < (27 -F 
^)Cx,p,d([w]A,f K for some increasing function Cx,p,d '■ [T ‘^) —> (0, oo) only depending 
on X, p and d. 

Proof Due to scaling invariance of the Ap-characteristic, we may without loss of general¬ 
ity assume that c = |. Fix ip - (ipfijen e i (R*^) and denote by (5 ylyeiN the corresponding 
convolution operators. For convenience of notation we put (pj Q and S j 0 for every 
j e Z<o. For each j e N we define Rj Yje=-j ^ j+t- Example 3.7 (and Corollary 3.5), 
there exists an increasing function Cx,p,d '■ [1, °°) —> (0, oo), only depending on X, p and 
d, such that 

(14),(15) . 

llf‘Yy)||Rad(F)^F V ||{5y}||F^Rad(F) < Cx,p,d([w]Ap), 

and thus 

(21) ll(^j)llRad(F)^F V ||(/?y}||F^Rad(F) < (27 + ()Cx,p,d([w]Af)- 
As a consequence of the support condition (19) and the fact that 

^ Vtifi) = 1 for 1^1 < I and ^ ‘fj+eifi) = 1 for V~-’ < \f \ < ^2f j> I, 
e=-j t=-j 

we have TjRj - RfTj - Tj for every j e N. Since {Tfi and {Rfi are commuting and 
since Af ~p Ay,p = Ax,p < oo (X being a UMD space), the required R-bound follows from 
an application of Proposition 3.3(ii) with either Uj — Tj and Vy = Rj or Uj - Rj and 
Vj = Tj. □ 

Remark 3.9. The condition (20) in Proposition 3.8 may be replaced by the condition that 
[Tj} is ^-bounded with R-bound K\ under this modification, it can be shown that the 
collection of partial sums is '??-bounded with '??-bound < (27 + l)^Cx,p,d([w]A,,) K for some 
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increasing function Cx,p,d ■ [1, 0 °) —> (0, 00) only depending on X, p and d. Indeed, in the 
notation of the proof above, we have 

ll{ry}||Rad(y)^F = ll{^>7’j}||Rad(F)^F ^ ll{^y}||Rad(S(F))^({rj}) 

(27 + l)Cx,pAMA,)mTj])- 

An alternative approach for the !R-boundedness condition would be to modify the proof 
of [8, Theorem 3.9] (or [63, Theorem 2.4.3]), which is a generalization of the vector¬ 
valued Stein inequality to the setting of unconditional Schauder decompositions. Via this 
approach one would get linear dependence on J instead of quadratic. 

Corollary 3.10. Let X be a UMD space, p e (1,0°) and w e Ap(R'^). Suppose that 
M e is constant on a neighborhood of 0 and put Mj := M{2~^ ■) for each 

j e Z. Then defines an "R-bounded sequence of Fourier multiplier operators 

{TMj}jez in S(T^(R'^, w; V)) with R-bound <m Cx,p,d{{w\Af), where Cx,p,d is the function 
from Proposition 3.8. 

Proof. By the scaling invariance of the A^-characteristic, it suffices to prove the R-boundedness 
statement for instead of Indeed, for each K e Z<o we then in par¬ 
ticular have that defines an R-bounded sequence of Fourier multiplier opera¬ 

tors {rMjljeiN in S(T^(R'^, w(2“^-);V)) with R-bound <m Cx,/;,d([w]A,,), or equivalently, 
that {Mj]j>fc defines an R-bounded sequence of Fourier multiplier operators {Tm ]j>K in 
S(LP(Rf wd’^ ■); V)) with ??-bound <m Cx.pAMa,)- 

Define the sequence of symbols by mo M, m\ mo(2“^ •) - mo, and 

mj mi(2"^'^^ •) for j > 2. Then (m^ljejN is a bounded sequence in .y^d +2 which sat¬ 
isfies the support condition (19). By a combination of Corollary 3.5, Example 3.6 and 
Proposition 3.8, the collection of partial sums [Tm, : / e N] = (ZiUo : i e N] is 
'R-bounded in S(L^(R'^, w; V)) (with the required dependence of the R-bound). □ 

With the following theorem we can in particular treat dilations of symbols M belong¬ 
ing to the Schwartz class >S(R“') without any further restrictions. Note that this would be 
immediate from Proposition 3.1(i) in case of property (a). 

Theorem 3.11. Let X be a UMD space, p € (1, 00) and w e A^(R"'). Let M e C(R'^) n 
(^j+ 2 (Rd ^ jQj^ . )for each j e Z. Suppose that there exist 60 , doo > 0 

such that 

(22) Co sup |^r*|M(^)-M(0)| V sup sup |^|I“I'^»|d“M(^)| < 00 

o<i^l<i i<N<f;+ 2 o<i^l<i 

and 

(23) Coo sup sup|^|l“l"-’“|D“M(^)| < co. 

\a\<d~\-2 |^|>1 

Then [Mj] j^w. defines an R-bounded sequence of Fourier multiplier operators [Tm }jei. in 
S(LP('Rf,w;X)) with R-bound < Cx,d,p,Sa,sA\.w^Af)[\\M\\o<, V Co V Coo], where Cx.d.p.So.s^ ■ 

[1, 00) —> (0, 00) is some increasing function only depending on X, p, d, do and 600 . 

Remark 3.12. In the proof of Theorem 3.11 we use the Mihlin multiplier theorem .^^d+i 
Mp.w(X). The availability of better multiplier theorems would lead to weaker conditions 
on M. For example, using the classical Mihlin multiplier condition |D“m| < a e 
(0,1 Y, we could treat symbols M e C(R'^) n C'^(R“' \ {0}) satisfying (22) and (23) with 
the suprema taken over a e (0,1instead of \a\ < d + 2; as in the unweighted case, for 
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w e it can be shown that this classical Mihlin condition is sufficient for m to be 

a Fourier multiplier on L^(R'^,w;X) (see [31, Chapter 4]). In the unweighted case one 
could even use multiplier theorems which incorporate information of the Banach space 
under consideration [15, 19]. In Theorem 3.14 (and Corollary 3.15) we will actually use 
the Mihlin-Holder condition from [19, Theorem 3.1] (which is weaker than the Mihlin- 
Hormander condition) for the one-dimensional case c/ = 1. 


Proof. As in the proof of Corollary 3.10, it is enough to establish the R-boundedness of 
{Mj}jeK. Put C := ||M||oo V Co V Coo. Pick f e Cf{R‘^) with the property that;^f(^) = 1 if 
1^1 < 1 and = 0 if \f\ > 3/2. Then 

M := M(0)f -F - M{ 0 )O -F (1 - ^(M - M(0)O =: -f -f 

For each / e (1,2,3} we define {Mf]jen by Mf := Mf2-j ■ ). By Corollary 3.10, 
defines an '??-bounded sequence of Fourier multiplier operators in S(L^(R‘^, w; 2f)) with R- 
bound <x,d,p,w 4 |fW(0)| < C. In order to get R-boundedness for i -2,3 we use Corollary 3.4 
(in combination with .y^d +2 ^ M.p,w(X)). To this end, let e — ^ A e N, 

and put i e (2,3]. In order to obtain a uniform bound for 

in .Jfd+ 2 , we note that: 

• e C(R‘') n C‘'+2 (]r</ \ { 0 }) with suppM™ c B(0,2) and 

CP]:= sup sup|^|l“l-^'>|D“Mt2](^)| C; 

\a\<d+2 f#0 

• e with = 0 for \f\ < 1 and 

C[31:= sup sup|^|l“l+^”|D“Mt2](^)| C. 

\a\<d+2 ^7^0 


For notational convenience, for each / > A -F 1 we write e, = 0. 

The case i - 2: Let |a| < if -F 2. For f e B(0,2) we have 

oo oo 

|^|l“l|D“M®(f)| < ^|^|I“I|D“M®(^)| = ^|2--''^|l“l|Z)“MP'(2^^'f)| 


AO 


AO 

/ 


< CP' ^ \2-j^fo = C^^l ^ 2^^'* 

AO VAO 

9^0 

< cPi. ^ 


1^1 


^0 


1 - 2-^0 

and for f e B(Q, 2^^') \ B{Q, 2f, 1 6 N, we similarly have, now using the support condition 
suppMl2] ^ b(0,2), 

OO CO 

|^|I“I|D“'M®(^)| < ^|^|I“I|D“M®(^)| = ^ |2--''f|l“l|D“'MP'(2^^'^)| 


AO 


AO 


H H 

t OO \ 


= Ct2J 


^ 2~^^° 

V H ) 


l^l^o < ^[2] 


2* 


1 - 2-^» ■ 


Hence, < CPl2^»(l - 2-^»)-'. 
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The case i - 3; Fix / c N. Since = 0 on 5(0,1), we have 

i 

^ ^ e B(0,2') \ B(0,2'-'). 

>0 

For all |a| < + 2 and ^ e B(0,2^ \ B(0,2^“') we thus find 


I I 

;=o j=o 

; ; 

j=o j=0 

/ I 

;=0 ;=0 

z 




2^“ 


Z:=0 


1 - 2-^” ■ 


As 1 e N was arbitrary and s 0 on B(0,1), this shows that < Cf^^2^“(l - 

2-5c)-i. □ 


Note that Theorem 3.11 does not cover the symbol M(^) = 11^=1 sinc(^j), where sine is 
the function given by sinc(f) = for t ^ 0 and sinc(O) = 1; see the end of Section 4.2 
for the relevance of this symbol, which is the Fourier transform of 2 "'l[_i ijj. However, 
as already mentioned in Remark 3.12, in the unweighted one-dimensional case we can use 
the Mihlin-Holder multiplier theorem [21, Theorem 3.1] in order to relax the conditions 
from Theorem 3.11. This will lead to a criterium (Corollary 3.15) which covers the symbol 
M = sine; see Example 4.5. 

For each k e Z and j e (-1,1} we define 4j := j [2^"^, 2*^+^]. For y e (0,1) and 
M e Cb(R \ {0}) we put 

[M]y := sup 2^^[M|4 ,]cr( 4 p and |||M|||y := ||M|U + [M]y. 

keX,j=±l 

Since 

|M(^) - M(^ - h)\ < 4[M]y \hm-y, 1^1 > 2|fi|, 

the following lemma is a direct corollary of the vector-valued Mihlin-Holder multiplier 
theorem [21, Theorem 3.1]: 

Lemma 3.13. Let X be a UMD space and p e (1, oo). Then there exists yx e (0,1), only 
depending on X, such that the following holds true: if y e (yx, 1) and if M e Ci(R \ [0]) 
satisfies |||M|||^ < oo, then M defines a Fourier multiplier operator Tm on L^(R; X) of norm 

I|TmII»(l;'(R;X)) ^x,p,y ll|iH|||y"^ 

Using this lemma, we find the following variant of Theorem 3.11; 


“^One can take yx = r V q', where t € (1,2] and q € [2, oo) denote the type and cotype of X, respectively. 
Here one needs the fact that X, as a UMD space, has non-trivial type and finite cotype; see [22]. 
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Theorem 3.14. Let X be a UMD space p & {I, oo). Let y e (yx, 1), where yx e (0,1) is 
from Lemma 3.13. Let M e Ci(R) and set M„ M(2“" ■) for each n e Z. Suppose that 
there exist 6o, <5co > 0 such that 

Co := sup - Mm V sup .]cr( 4 p < oo 

0<|^|<1 k<-lj=±l 

and 

C«, :-sup|^^|M©| V sup Jcr(4 .) < cx,. 

|^|>I k>0,j=±\ 

Then {M„}„gz defines an “R-bounded sequence of Fourier multiplier operators [TM„}new. in 
S(L^(R;X)) with R-bound <x,p,T,q,y,6o,s„ [II^^IU V Co V Coo]. 

Proof. This can be shown in a similar fashion as Theorem 3.11, now using the (Mihlin- 
Holder multiplier theorem in the form of) Lemma 3.13 to treat the cases i — 2,3. □ 

Corollary 3.15. Let X be a UMD space p e (1, oo). Let y e (yx, 1), where yx e (0,1) is 
from Lemma 3.13. Let M e Ci(R) n C*(R \ {0}) and set Mn := M(2~" fifor each n e Z. 
Suppose that there exist do, doo > 0 and Be [0,1] such that 

(24) Co := sup \f\-^°\M(f) - M(0)| V sup |^|'-^“|M'(^)| < cx, 

0<I?I<1 lfl<i 

and 

(25) Coo := sup |^|”“{^“”(^+^”>T^}|M(^)| V sup (f)\ < oo. 

Ifl>i lfl>i 

Then {M„}„£z defines an R-bounded sequence of Fourier multiplier operators {7’m„}«£Z in 
S(LP(R;X)) with R-bound <x,p,T,q,y,do,So, [II^IU V Co V Coo]. 

Proof. For every A: e Z and 7 e (-1,1} we have 

2 «^-^<>>[M |4 - sup |^|'-^»|M'(^)| 

fo4,/ 

and 


sup 1^1 

^^h.j 


(t'+«“>T^|M(f)| -F sup |^|'^■"^“^r|M'(^)|. 


The result now easily follows from Theorem 3.14. □ 

4. Difference Norms 

4.1. Notation. Let 2f be a Banach space. For each m e Z>i and /i e R'^ we define 
difference operator A™ on L°(R'^; A) by A“ := (Lh - I)”' = where L/, 

denotes the left translation by h: 

m / , 

Kf(x) = ^(-D-'r” /(X + (m - j)h), f e L^R^; A),x e R^. 
j=o 

Let p e (l,oo), w e Ap(R“'), m e Z>i, and K e JU(R‘^). For every c > 0, Kc — 
c‘^K(-c ■) e JfL (R"') gives rise to a (well-defined) bounded convolution operator / i-> Kc*f 
on Lf(Rf, w; X) of norm <p^d,w ll-^dljrcR'') = lll^lljr(«<')> which is given by the formula 


Kc*f(x) 


Kc(x - y)f(y) dy ■ 


K{h)Lc-^i^f{x) dh, X € R^; 
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see the last part of Section 2.2. Defining ^ for 

each f > 0 the operator 


m-l / x 

/ « K^itJ) := * / + (-1)'”^(0)/ = g(-l) * / + (-1)'”^(0)/ 

is bounded on w; 2f) of norm <p^d,w,m ll^lljr(R‘')> ^nd the following identity holds 

KUtJXx)^ f K{h)Alf{x)dh, xeR''. 

Jr'' 

Given / e L^(R'^, w;2f), the functions Ki„(t,f) may be interpreted as weighted means of 
differences of /. 

For / e L'’(R‘^, w; X) we set 


[/] 


{m,K) 


:= sup 

/gN 


J 

IZ 

;=1 


SjV’^K,, 


.(2-Z/)| 


L/'(n;L/'(R‘',iv;X)) 


and 




II/IIl'’(R‘',w;X) + [/] 


(m,K) 

H';,(R‘‘,w;Xy 


4.2. Statement of the Main Result. The following theorem is the main result of this 
paper. As already announced in the introduction, it is (indeed) a more general version of 
Theorem 1.1 thanks to the R-boundedness results Theorem 3.11 and Corollary 3.15; see 
Examples 4.4 and 4.5. 


Theorem 4.1. Let X be a UMD Banach space, s > 0, p e (1, oo), w e Ap(R'^), m e Z>i 
and K e 

(i) Suppose that K e L*(R'^, (1 +| • and that fulfills the Tauberian condition 
(26) >c, ^ e R^ I < |^| < 2e, 

for some e, c > 0. Then we have the estimate 


(27) 


\\h';,(WL'‘, w,X) 


{m,K) 

h;,(R'‘, wjc) ’ 


f eL'’(R^,w,X). 


(ii) Suppose that m > s, K e L*(R'^, (1 + | ■ jy K^{2 ff) : j e 

Z>i} c !B(LP(Ef,w,X)) is 'R-bounded. Then we have the estimate 


(28) 


im,K) 

'Huny.w-X) 


II/IIh;;(R‘',iv;X)> 


f eLP(R‘^,w;X). 


Remark 4.2. The '??-boundedness condition in (ii) of the above theorem may be replaced 
by the (at first sight) weaker condition that 


N 

||^£j^m(2 Kgj. 
>=1 


U’{Sl\U’{R‘‘ ,w\X)) 


N 

i=l 


lL''(n;L''(R‘',n>;X)) 


AeN, 


for all c ,w,X) with Fourier support suppgy c {f : \f\ > c2fi, where c > 0 

is some fixed number. But the R-boundedness condition in (ii) is in fact implied by this 
condition. Indeed, this condition implies the R-boundedness of the sequence of Fourier 
multiplier operators associated with the the sequence of symbols {[(1 - ^)K^"](2~^ ■ ))y>i, 
where f e C“(R'^) is a bump function which is 1 on a neighborhood of the set {f : \f \ > c}. 
On the other hand, we have e C^^^(R"') in view of K^'" c y^L}(W^, (1 + | ■ l)"'^^) c 
C^^^(R'^), so that we can apply Theorem 3.11 to the symbol . We thus find that the 
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sequence of symbols [K^ - K^"(2 ^ ■)}j>i defines an “R-bounded sequence of Fourier 
multiplier operators on w;X), which is of course equivalent to the R-boundedness 

condition in (ii). 


Remark 4.3. Let X be a Banach space, s > 0, p e (l,oo) and w e A^(R"'). For each 
/ e L^(R‘^, w; X) we put 


^,w;X) 


sup 

y£N 


Z 




(2-Z/) 


lL''(n;L'’(R‘',w;X)) 


On the one hand, [ • ^ thanks to the contraction principle (7). On the 

other hand, [ • < II • IIz/(R‘'.w;X) + [ • ]^’(rV;X) because s > 0 and {/ f) : 

j e Z} is a uniformly bounded family in S(LP(R‘*,w,X)). In Theorem 4.1 we may thus 
replace ||| • by || ■ lb,(R.,„,;X) + [ • 

Example 4.4. Let K e J(Y(R‘^) and m e Z>i. 

(i) Note that e Ci,(R"') with = Z]‘=o(-^y('j}^(0) = (-ir^'^(O). 

So for K^" to fulfill the Tauberian condition (26) for some e, c > 0 it is sufficient 
that K(0) + 0. 

(ii) Let X be a UMD space, p e (1, oo) and w e Ap(R‘^). Note that the 7^-boundedness 

conditition in Theorem 4.1(ii) is equivalent to the R-boundedness of the convolu¬ 
tion operators (/ i-> * / : j e Z>i) c S(L^(R“', w; X)). By Theorem 3.11, for 

the latter it is sufficient that X e l1(R"', (1 -f | • c fulfills the 

condition 

(29) sup sup(l -F |^|)I“I+^|D“.^(^)| < CO 

W<d+2feR-i 

for some <5 > 0; in particular, it is sufficient that K e .S(R"'). 


Under the availability of better multiplier theorems than ^ Mp^^iX), the 

condition (29) can be weakened; see Remark 3.12. For example, in the one-dimensional 
case = 1 we can use ^i(R) Mp,w(X), resulting in the weaker condition that 

SUp(l -F < CO 

k=Q,\ 


for some b > 0. However, this condition is still to strong to handle the kernel K - 
2"'l[_ui] e L“(R‘^) c n .^“'CJ^(R'^) with Fourier transform K - sine, where 

sinc(f) = sin(f)/f for t + Q and sinc(O) = 1. As already announced, in the unweighted case 
this K can be handled by Corollary 3.15: 

Example 4.5. Let A be a UMD Banach space, p e (1, oo) and K = 2““'lg[0,i]. For every 
m e Z>i it holds that {/ f^ f): JeZjc S(L^(R‘^; X)) is 7?-bounded. 


Proof. It is enough to show that [T ■) • 7 £ Z, ^ e {1,..., m}} = {/ f-> K(- 12 J * f : j & 
Z, f’e {1,..., m}} is R-bounded in S(L^(R'^; A)). By the product structure of A it suffices 
to consider the case c/ = 1. So we only need to check that M := sine = .^ 5 l[_i ij e C“(R) 
satisfies the conditions from Corollary 3.15. In the notation of Corollary 3.15, let y e 
(yx, 1) be fixed. The condition (24) is fulfilled for bo = 1 because sine is a C'-function on 
[-1,1]. Furthermore, the condition (25) is fulfilled for any boo e (0,1 - y) and 0 = y. □ 
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Still consider K - 2“'^lg[o,i] e c ^(R'^)- The R-boundedness condition from 

Theorem 4.1(ii) is fulfilled provided that, for each ( e {1,. ■., m], the set of convolution 
operators [f ^ Kt * f \ t - e Z>i} c S(L^(K‘‘,w;X)) is R-bounded. A nice 

way to look at the convolution operator / i-> K^-i * /, r > 0, is as the averaging operator 
A, e SiLPiW^, w; X)) given by 

Arf(x) f f(y) dy, f e L^(R^ w; A), x e R''. 
dQM 

This leads to the following natural question: 

Question 4.6. Given a UMD space X, p e (1, oo), vv 6 Ap(R'^) and c > 0, is the set of 
averaging operators {Ar : r = c2^f j e Z>i} K-bounded in S(L^(R'^, w;X))F 

Three cases in which we can give a positive answer to this question are: 

(i) A is a UMD space, p e (1, oo) and w = 1; 

(ii) A is a UMD space with property (a), p e (I, oa) and w e A™(R'^);^ 

(hi) A is a UMD Banach function space, p e (1, oo) and w 6 Ap(R'^); 

Here case (i) follows similarly to the proof of Example 4.5, case (ii) follows from an 
application of Proposition 3.1(ii), and case (iii) can be treated via the Banach lattice version 
of the Hardy-Littlewood maximal function by using the fact that R-boundedness coincides 
with ^^-boundedness in this situation (see Proposition 4.11 for a more general result in this 
direction). Note that in the cases (ii) and (iii) one in fact has R-boundedness of {A^ : r > 0) 
in S(LP(Rf w; X)) 

4.3. Proof of the Main Result. Below we will use the following notation: 

Xp^„ := L^(D; L^(R"', w; A)) = L^(R"', w; L^(D; A)). 

Xp^^iBi) := L^(D; L^(R1, w; A)) = L^(R1, w; L^(Q; A)). 

Proof of Theorem 4.1(i). 

Lemma 4.7. Let X be a UMD space, s € R, p e (U o°) and w e Ap(R'^). Suppose that 
k e n L*(R'^, (1 H-1 • fulfills the Tauberian condition 

\k(f)\ >0, ^ e R^ I < 1^1 < 2e, 

for some e > 0. For f e LP(Bf, w; X) we can then estimate 


j 



Proof Pick ip - {pf)jm £ <h(R'^) such that supp^i c {f : \f\ > 2e); see (9). Using (13) in 
combination with 5 o e tB{LP{Bf, w; A)), we get 

,/ 

II/IIh*(R‘',w;X) 5 II/IIl'’(R‘',w;Z) + SUp £j2AS jf\\ . 

yelN '' 

In view of the contraction principle (7), it is thus enough to find an A e N such that 

J J+N 

(31) ’ f^LP{B‘‘,w-X),Jen. 


^Recall that is the class of weights on which are uniformly Ap in each of the coordinates separately. 
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In order to establish (31), pick rj e with supp/y c B(0,2e) and 7](^) - 1 for 

1^1 < f. Define m e Cf ^(R^) c by m© - 7/(2^)]^©-' if f < |^| < 2e 

and m(^) := 0 otherwise; note that this gives a well-dehned C'^^^-function on because 
jj - 77(2 •) is a smooth function supported in the set {^ : | < |^| < 2e) on which the function 
k 6 does not vanish, where the regularity k e C'^'^^(R'^) is a consequence of 

the assumption that k e L'(R'^, (1 + | • By Example 3.7, the sequence of (dyadic) 

dilated symbols { 777 ^ ■ ))j>i dehnes an R-bounded sequence of Fourier multiplier 

operators {Tmj}j>i on L'’(R"', w; X). Furthermore, by construction we have 


j+N 

^ mikiiO = 7 ;( 2 -i^'"^^^) - = 1 for 24 < |^| < 2j^^-^3e, j>l,Ne'N. 

i=j 

Since supp^^ c : 24 < |^| < 2''B) for every j > \ for some B > e, there thus exists 
e N such that = 1 on supp ipj for all j > 1- For each j > 1 we consequently 

have 


j+N 


Sj - T0. - U 






H 


N 

1=0 


i[kj+i * ■] 


in S(LP(R^,w-X)). 


Using this together with the R-boundedness of {5y)ye]N and (see Example 3.7), for 

each / e L'’(R"', w; X) we obtain the estimates 




< 



ej2J^kj,i 


* 



J+N 

IE 

7=1 


sjV^kj * 



□ 


Proof of Theorem 4.1 (i). In view of (26) and the fact that e Co(R 45 there exists 

At e N such that the function k e 4^(R4 n L'(R‘^,(1 + | • l)"'"^^) determined by ^ = 
fulhlls the Tauberian condition 

|^(^)| > 5 > 0, ^ e R'', ^ < 1^1 < 2d, 


for d := 2^e > 0. Since 


kj*f = * / + (-irK(0)f] - [K^'] * f + {-\rk{0)f] 

= K,n{2-^j^^\ f) - KU2-f /), j> I, 
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with Lemma 4.7 it follows that 

j 

ll/ll//.^(R^,w;X) ^ \\f\\LP{K^,w,X) + SUp Sj2-^^kj * / 

J 

J 

^ ll/lb(R^,.;X) + sup2-^^|| ^ 

J p.w 

J 

+ supll y e;2^"/:„(2'^/)|| 

7 II ^ IIX„. 

(7) 

^ II/IIz/(r-',h.;X) + (2“'^" + 1)[/]h/(rV;X)- 

□ 

Proof of Theorem 4.1(ii). 

Lemma 4.8. Let X be a UMD space, p e (1, oo) and w e A^(R"'). Let x ^ C“(R'^ \ (0)) 
and rj e C“(R'^). For each n e Z<o and h e R^* we define the sequence of symbols 
{M']’"]je 2 c L-(Rd) by 

_ l);^.(2-(«+2)^), « + ;■>! 

:= < - 1);7(2-("+2>^), n + j = 0 

0, n + j < -\ 

Then each symbol M*’" defines a bounded Fourier multiplier operator T*’” = Tj^kj, on 
LP(W^, w; X) such that the following H-bound is valid: 

(32) R{Tf" : j eZ]< 2'’(1 + \h\Y^\ heR‘^,ne Z<o. 

Proof By construction, c C“(R'^) satisfies condition (a) of Corollary 3.5 for 

some e N independent of n e Z<o and h e R^*. Therefore, it is enough to show that 

(33) IIMf 11^,,, < 2”(1 + \h\f^\ h e R^ n e Z<o, j e Z. 

We only consider the case n + j > \ 'm (33), the case n + j - 0 being comletely similar 
and the case n + j < -1 being trivial. Let h e R'^, n e Z<o and y e Z with n + y > 1 be 
given. Fix a multi-index a 6 N"' with \a\< d + 2. Using the Leibniz rule, we compute 

^■2-i \ 

|^|I“IZ)“m'‘’"(^) = |^|I“Id“ ih-^ e‘^'‘'^dsx(2^^"^^^f) 

^ i Jo j 

f-2-i \ 

= I y c“ |^|^lz)f(/i • ^) |^|I>'IdJ F^^'^ds |^|l“l-^Hrlz)“-/3-y|^^2-(«U)^)] 

pTfia ’ WO i 

f^2-i 

= ! ^ c“^ ■ ^ I ((ih)V"*-fc/i|2-("+y|l“l-l>'l[Z)“-2';ir](2'^"^^^^^^ 

y<a 

p2-’ 

yS+y<a;l8|=l "20 
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Picking R > 0 such that supp;^^ c B(0, R), we can estimate 

y<a 

+ ^ |MlrlLi2-2(lrlLi) IMU,^ 

j3+y<a;lj3l=l 

y<<^ 

< 2"(1 + \h\Y^^. 

This proves the required estimate (33). □ 


Proof of Theorem 4.1(ii). Given / e L^(R‘^, w; X), write /„ := 5„/ for n e N and /„ := 0 
for n e Z<o. For each j e Z>o we then have / = 2„ez fn+j in LP(Ef, w; X), from which it 
follows that 

j J 

(34) \\J]ejV^KM-ff)\l <;^||^e,W^(2-^/„,,.)||^ . 

j=I neZ j=l 

We first estimate the sum over n e Z>o in (34). Using the '??-boundedness of {/ 
Kmil-ff) : ;■ > 1), we find 


Since s > 0, it follows that the sum over n e Z>o in (34) can be estimated from above by 
C||/|Ih;(R‘',iv;Z) for some constant C independent of / and J. 

Next we estimate the sum over n e Z<o in (34). To this end, let;^^ 6 C“(R'^ \ {0}) and 
T] e C“ be such that;^^ s 1 on 2 supp^i and ;; s 1 on supp^o- For every 4 6 C we define 
the function : R"' ^ C by ei(^) := e^'f For each n < 0, /i e R'^ and j > 1, we then have 

= ^-'Kea->h-irUj] 




n + ; > 1; 


42-.ft-l)^(2-'"^^'>-))'”/«+/ , 

n + 7 = 0; 

1 0, 


n + 7 < -1 


_ ym r 
- ^ J^h,njn+j^ 

j 
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where is the Fourier multiplier symbol from Lemma 4.8. For each n < 0 we thus get 

j 

j=i 


Since m - s > 0, it follows that the sum over n e Z<o in (34) can be estimated from above 
by C||/ll/f;;(R<',iv;Z) for some constant C independent of / and J. □ 

The idea to do the estimate (34) and to treat the sum over n e Z>o and n e Z<o separately 
is taken from the proof of [53, Proposition 6], which is concerned with a difference norm 
characterization for 2C). 

4.4. The Special Case of a Banach Function Space. In the special case that X is a Ba¬ 
nach function space, we obtain the following corollary from the main result Theorem 4.1: 

Corollary 4.9. Let X be a UMD Banach function space, s > 0, p e (1, oo), w e A^(R"') and 
m e N, m > s. Suppose that K e dff (R'^) n L*(R'^, (1 H-1 • |)(‘^+^1'”) satisfies the Tauberian 
condition (26) for some c,e > 0. For all f e LP(W^, w; X) we then have the equivalence of 
extended norms 

OO 

(35) ||/||h,;(r.,v.;X) - ll/lb(R^,.;X) + IK L \^''K„(2-f f)\^ ^ - 

j=i 

Proof By the Khintchine-Maurey theorem, the right-hand side (RHS) of (35) defines an 
extended norm on LP(W^, w; X) which is equivalent to ||| • Therefore, we only 

need to check the 'R-boundedness condition in Theorem 4.1(ii). But this follows from 
Proposition 4.11 below (and the discussion after it). □ 

Remark 4.10. Let X be a UMD Banach function space, s > 0, p e (1, oo), w e Ap(R'^) and 
m G N, m > s. Suppose K e (R'^)^ \ [0). Then it is a natural question whether we can 
replace Km(2~ff) by d’f^(2~ff) in the RHS of (35), where 

df(t,f)(x):= f K(h)IA”f(x)ldh, t>0,xeR‘^. 

Jr'' 

In view of the domination IKm(t, f)\ < df(t, /), this is certainly true for the inequality ’<’ in 
(35). For the reverse inequality ’ <’ one could try to extend the maximal function techniques 
from [53, Proposition 6] to our setting via the square function variant of the Littlewood- 
Paley characterization (13); here one would have to replace the classical Hardy-Littlewood 
maximal function by the Banach lattice version from [4, 12, 50]. 

Proposition 4.11. Let X be a UMD Banach function space, p e (1, oo) and w e Ap(]R‘^). 
Then dfL (R'^) w; 2f)) maps bounded sets to “R-bounded sets. 


< f \K(h)\\j^ejV^Al,J,,,j(-)\ dh 

jR'' " 

= r \K(h)\\\j]ej 2 ^M-Unvj\l dh 

jRd " J "^p,w 

32 ) r 

< l^(h)l(l + \h\)^‘^^^^"‘dh 
Jr-^ 


(13) 


^ 2”*'” ''^||/|lHi;(R'',w;X)- 
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Proof. In the unweighted case w = 1 this can be found in [43, Section 4]. However, the Ba¬ 
nach lattice version of the Hardy-Littlewood maximal operator is bounded on w; 

for general w e Ap, which which is implicitly contained [12]; also see [57]. Hence, the 
results from [43, Section 4] remain valid for general w e Ap. □ 

Recall that, given k e for all f > 0 we have k, - t^k{t-) e with 

PfIljrtR'') = PlIjrtR'')- So, under the assumptions of the above proposition, 

nf^k,*f:t>0} <x.p 4 ,« PlIjrtR") in SmR‘^, w; X)). 

In particular, if m e Z>i and K e .Jf(R'^), then the choice k - leads to the 7?- 
boundedness of (/ i-» K^it, /) : f > 0} in S(L'’(R"', w; X)). 


5. Irj AS PoiNTWisE Multiplier 

5.1. Proof of Theorem 1.4. Besides Theorem 1.1 (or Theorem 4.1), we need two lemmas 
for the proof of Theorem 1.4. The first lemma says that the inclusion (5) automatically 
implies its vector-valued version. 

Lemma 5.1. Let s > 0, p e (l,oo) and w e Ap{R‘‘'). Let Ws,p be the weight from Theo¬ 
rem 1.4. If Hp{R‘', w) LP{R‘^, Ws.p), then there also is the inclusion 

(36) H^piR^, w; X) ^ LP(R‘^, X) 

for any Banach space X. 

Proof. This can be shown as in [37, Proof of Theorem 1.3,pg. 8], which is based on the 
fact that the Bessel potential operator ff^s (s > 0) is positive as an operator from LP{R‘^, w) 
to Hp{R‘^, w) (in the sense that ff-sf > 0 whenever / > 0). □ 

The second lemma is very similar to Theorem 4.1(ii) and may be thought of as an Re¬ 
version for the case m - 1. 


Lemma 5.2. Let X be a UMD Banach space, s e (0,1), p e (1, o°) and w e A^(R"'). Let 
K e JfiR^) n l1(R"', (1 -f I • |)"'+3)_ y £ vv; X) we define 

j 

:= supll y nil 

J/r*(R“,w;X) ^H‘4Ri,w,X) , t,\\ ■' •' I 

•'eJN 

where we use the notation 


i2fp,»(Rn 


Kj^4t,f)(x) 


r 

*4 {hi>—xit~ 


K(h)Athf(x) dh, r > 0, X 6 R^. 


){hY>-XYt 

If {f Ki * f : t — 2~fj e Z>i} c S(LP(R'^,w;X)) is “R-bounded, then we have the 
estimate 

[/]H>(Rt.;X) ^ \\f\\HiiRL^:X> f e vv; X). 

Proof. Note that, for each f > 0, / i-> K^dfit,f) is a well-defined bounded linear operator 
on L^iW^ ,w\X) of norm <p 4 ^„ IXlIjrtR'')- Using that s > 0, for / e L^(R'^, w;2f) we can 
thus estimate 


\Y^ejV^K^d^{2-ff)\ 

j=-J 


i2f„,.4Rn 


\\f\\u’[R‘‘,w,X) 

2=1 
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Now fix / e L^(R^, w; X) and write fn Snf for n e'N and /„ := 0 for n e Z<o. Then 

j j 


(37) 

M 


IXp.wCRf) 




wgZ j=l 


We first estimate the sum over n e Z>o in (37). Since 


Kfn+i){x) — K2-i * (lj^d/)(x) + 


r 

J{h 


lh,>-x,2i) 


K(h)dh\ f„+j(x), 


we can estimate 

J 


^ fn.j) < II X 

y r K{h)dl^Uj{x)\ . 


i=l 

+ Ik I 


For the first term we can use the assumed 'R-boundedness of the involved convolution 
operators and for the second term we can use the contraction principle, to obtain 

J J J 


^ Sj2^^K^.S2-K fn.j) 11^ < II X lRl/«ri| 


i=i 


i=i 


Z/(n;Z/(R‘',w;X)) 




n+]\\ 


J=1 




i=l 


< 2 - 


IIH;KR‘',w;X)- 

Since s > 0, it follows that the sum over n e Z>o in (37) can be estimated from above by 
C’||/|Ih*(R‘',w;X) for some constant C independent of / and J. 

We next estimate the sum over n e Z<o in (37). For each n < 0 we have 

J J 




i=i 




R'' 

J 


1 [_- 2 -ihuoo){x\)K{h)^ 2 -ihfn+j{x) c//l|| 

^ 1 [-2^1 h\ ,co)(.Xi^A2-j fifn+ 1 ^ 

J ^ \K(h)\ ||x ^ ejV^A2-ihf„+j(x)\\^ dh. 


where we used the contraction principle (7) in the last step. We can now proceed as in the 
proof of Theorem 4.1(ii) to estimate the sum over n e Z<o in (37) by C||/||/fj(R</„,;X) for 
some constant C independent of / and J. □ 


Proof of Theorem 1.4. In view of Lemma 5.1, we need to show that is a pointwise 
multiplier on Hp{W^,w,X) if and only if there is the continuous inclusion (36). Defining 
vvj_^ as the weight on R x R"'^' given by vvj_^(xi,x') := |xir*^w(xi,x'), the inclusion (36) 
is equivalent to the inclusion 

(38) 7/;(R‘', w; X) ^ w.y, X) 

because //^(R"', w; X) ^ LP(Ef, w; X). So we must show that Ij^j is a pointwise multiplier 
on Hp(Ef, w; X) if and only if there is the continuous inclusion (38). 


dh 
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Step I. Let K 6 satisfy K{Q) + 0. For a function g on we write ^ for the 

reflection in the hyperplane {0} X R'^"', i.e. ^{x) g(—x). Then is a pointwise 

multiplier on w; X) if and only if 


(39) 


X i-> 


jeZ. 


k(h) dh 


2 . 1/2 


<-xi2i) 


\\f(x)\\x\ 


VHKi,v) 




for f e LPfStfl, v; X), v e {w, w^}, /t e {K, K^]. 

Step I.(a) Ijjrf is a pointwise multiplier on FIpfRf, w; X) if and only if 


(40) 

where 


[lRi/]H*(Rtw;X) ^ II/IIh*(R-',w;X)> / ^ ,W,X), 


Since [g] 


[/]h*(R1w;X) • 
(l,jr);Z _ 


./ 

sup ye,Wi(2-^/) 

r ,- i\T • ^ 




D’{Q.-,D’{Wi,w,X)) 


H*(R‘',w;X) 


(ier + \2Y ) 




H';,{WL,w\X) 


+ [^IhiURI 


H,KRtw;X) 


for 


g e L^(R'^, w; X), it follows from Theorem 1.1 (and Remark 4.3) that 
(41) ll.gllH*(R-i,w;X) ~ ll.?llzj'(R‘',w;X) + [§]h*(R1w;X) + [^Iw/CRf,w;X)’ 8 ^ L^(R‘^ , W, X) . 

First we assume that (40) holds true. For all / e L'’(R"', w; X) we can then estimate 


I|1r)/II//;(R'',w;X) 


( 41 ) 

< 

< 


( 40 ),( 41 ) 
< 


l|lRf/ll/.''(R'',w;X) + [Ir^IrI + [Ir^/Ir;; 

II/IIl"(R‘',w;X) + [/]pd + [ 1 r;(/]r^ + [Ir^/Ir^ 


Next we assume that Ij^j is a pointwise multiplier on w; X). Then the inequality 

in (40) for Rf follows directly from (41). Since Ij^^ = 1 - Ij^j, the inequality in (40) for 
R'^ follows as well. 

Step I.(b) (39) <=> (40). We only show that the inequality in (40) for R'J is equivalent 
to the inequality in (39) with v - w and k - K, the equivalence of the other inequalities 
being completely similar. We claim that the inequality in (40) for R'f is equivalent to the 
estimate 


(42) 


sup X I 
y£N 


j „ 

^K{h)dhf{x)\ 


j--J 


XpA^i) 




f eLP(R‘*,w-X). 


Let us prove the claim. Note that, in view of the identity 


/ 

J{h 


Kfl2-fl^.^f)(x)^K^.^(2-ff)(x)+ I K{h)dhf(x), 

we have the inequalities 

J „ 

(43) [luifAuU-j,, < „.x) + sup||x ^ K(h)dhf(x)\\ 

''' +’ ’ yelN" pflj J{h,<-x,2i} "Xp,, 


(Rf) 


^Recall from Section 4.1 that Ki(t,f)(x) = K(h)&ii,f(x)dh. 
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and 


(44) 

sup X i-> 
yelN 


J „ 

K{h)dhf{x)\ 




^ [lR^/]H‘(Rtw;X) + [/] 


# 

/f‘(Rtw;X)- 


Furthermore, note that the 'R-boundedness condition from Lemma 5.2 is fulfilled since 
K e >S(R‘^); see Example 4.4. Plugging the estimate from Lemma 5.2 into (43), we see that 
(42) implies the inequality in (40) for Rf. The reverse implication is obtained by plugging 
the estimate from Lemma 5.2 into (44). 

Using the claim, this step is now completed by the observation that 


IIX„.(R^) 


J „ 

y^'M K{h)dhf{x)\ 

] „ 

/:(/!) ^/h|| ||/(x)||x|| 

ZTi J{h\<-x\V] \\U{L1) II 


= XI 


= XI 


j=-J 

J 


LP{Ri,w) 


'. 51 'J. 


K(h)dh\y^\\f(x)\\x\ 


[hi<-xi2i] 


U’(Ui,w) 


Step II. Let K = ® e C“(R‘'), where /f''] e C“(R) and /fP] g C“(R‘'-') 

satisfy •), l[-i,i] < < l[- 2 , 2 ] and — 1. Then (39) is equivalent to 

(38). In view of the reflection symmetry K - K^, we only need to show that 


(45) 


r K{h)dhy^^y~f y 


e R.. 


By the choice of K, 

I [-(1 A yV), -yV] I < I K(h) dh < | [-(2 A y2-'), -y2^']|, y e R+. 

h] <—v2j 


For every h > 0 we have 


(X[2'''1[-(^Ay20,-y2-'']|] ) 

jeW. 


2x1/2 


(J^ t ^'|[-(hAyf '),-yf 

( r t-^\b-yt-vy 


c/Tx1/2 


So we obtain (45) by taking b — 1,2. 


5.2. A Closer Look at the Inclusion w) L^(R'', Ws,p). In this section we give 

explicit conditions, in terms of w, s and p, for which there is the continuous inclusion 
(5) from Theorem 1.4. These conditions will be obtained from the following embedding 
result. 


Theorem 5.3. ([37, Theorem 1.2]) Let wo,wi e Aoo(R'^), so > si, 0 < po Pi < and 
qo, qi e (0, oo]. Then there is the continuous inclusion 


psa 

Po,qo 


(R^'.wo) 





DIFFERENCE NORMS FOR VECTOR-VALUED BESSEL POTENTIAL SPACES 


29 


if and only if 

sup < ‘X,, 

vGN.meZ'' 

where Qy^m — Q\7r''m, 2“'’“*] c denotes for v e N and m e 'Zf the d-dimensional cube 
with sides parallel to the coordinate axes, centered at 2“*'m and with side length 2“*'. 

Proposition 5.4. Let s > 0, p e (1,1X1) and w e Ap(W^). Suppose that Ws,p{x\,x') - 
|xi|“^^w(xi, x') defines an Aoo-weight on R'^ = R x R"'^^ If 

(46) sup 2-'’^P ^ r \xx\-^Pw{x)dx<oo, 

v£N,m£|0)xZ‘'-‘ w{Qv,m) JQ„j„ 

then there is the continuous inclusion Hp(lR^, w) LP{W^, Ws^p). In case that Ws^p e Ap, 
the converse holds true as well. 


Proof For the inclusion //^(R"', w) LP{W^,Ws,p) it is sufficient that F^^fiJPf,w) ^ 
,Ws,p). This follows from the identity Hp(K‘^,w), denseness of 

S(R‘') in H^piW^, w), the inclusion (S(R‘'), || ■ IIpo /.^(R'', w,,p) and the fact that 

HpiW^, w) and L^(R‘^, Ws^p) are both continuously included in the Hausdorff topological 
space L‘’(R'^). In the case that Ws,p e Ap, there are the identities F^^fiW^,w) - Hp(W^,w) 
and LP(W^,Ws,p) - F^^fi^^‘^,Ws,p) (see (10)), so the inclusion HpfRf,w) ^ LP{W^,Ws,p) 
just becomes F* '^) Therefore, in order to prove the proposition, 

it is enough to show that, for every q e [1, oo], the inclusion 

(47) f;2{^\w)^fI^{^\w,,p) 

is equivalent to the condition (46). 

By Theorem 5.3, the inclusion (47) holds true if and only if 


sup 

VGN,mGZ^ 


2^’'"||xi-^ IxiT 


L'^Qv.rn 


MQv,,n) 


sup 

v€N,m€Z‘^ 


I Ws.p(Qy.m) V^P 

\ ^i.Q.v,m) / 


< oo. 


But this condition is equivalent to (46). Indeed, for every v e N and m e with rrii 0 
we have 

|xi| > (|mi| - 1/2)2"’' > ^|mi|2"\ x 6 Qy^m, 

implying that 

2-’'*llx^lxini / . ^<r\mir<r. 

□ 


Let d = n + k with n, A: e N. For a,y6 > -n we define the weight Vap on R'^ by 

(48) Vapix, y) I j^j ^ J’ (x,y) e R’' = R" x R^ 

Given p e (1, oo), we have Vap e Ap if and only if a,/3 e (-n, n(p - 1)); see [18, Proposi¬ 
tion 2.6]. For n = 1 and k = d - I, we have = Wy (3) for every y > -1. 

Example 5.5. Let s > 0 and p e (1, oo). 

(i) Suppose w = wi <8i W 2 with wi e Ap(R) and W 2 e Ap(R'^"'). Then (46) reduces to 
the corresponding 1-dimensional condition on wi: 

(49) sup 2"’'^^ \ f ltrPwi(t)dt<oo 

v£N vri(2v,o) Jq^p 
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(ii) Let a,y6 e (-1,/" - !)• Consider the weight w = Vafi from (48) for n - I and 
k-d-\. There is the inclusion w) L^(R‘^, Ws,p} if and only if s < 

Given a UMD space X, by Theorem 1.4 we thus have that Ij^^ is a pointwise 
multiplier on Hp(W^,Vafi',X) if and only if s < In the case a - fS this is 
precisely [39, Theorem 1.1] restricted to positive smoothness; note that the general 
case a,jS e (-l,p - 1) can be deduced from the case a - /3 e (-l,p - 1). 

Proof of (ii). By (i) we may without loss of generality assume that d - 1. Note that is 
the the weight Va~spfi (48) for n-\ and k - 0. 

First assume that there is the inclusion Hp(W‘,w) L'’('Rf,Ws,p). Since C“(R'^) c 
Hp(W^, w), it follows that Va~spfi = Ws,p e L'^^(R'^). Hence, a - sp > -1. 

Conversely, assume that s < Then a - sp e (-l,p - 1), so that Ws,p = Va~spfi 6 Ap. 
Using that s < a simple computation shows that (49) holds true for w = Vap. By 
Proposition 5.4 we thus obtain that HpfBf, w) ^ L^(R'^, Ws^p). □ 
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